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ADVANCED ALGEBRA –– I 

(For those who joined in July 2017 onwards) 

Time : Three hours Maximum : 75 marks 

PART A — (10 × 1 = 10 marks) 

Answer ALL questions. 

 Choose the correct answer : 

1. If 6dim =V  and ),( VVHomW =  then 
),(dim FWHom  is 

 (a) 6   (b) 36 × 6 

 (c) 236    (d) 36 

2. If ivu =),(  and iwu += 2),(  then ),( wivu +  is 

 (a) i32 +   (b) i+3  

 (c) i+1    (d) i22 +  

(7 Pages) 
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3. If )(VAT ∈ , then F∈λ  is called a characteristic 
root if 

 (a) T=λ  is regular 

 (b) for some 0≠v  in V , vvT =  

 (c) 0)( =λf  for some polynomial Fxf ∈)(  

 (d) T+λ  is singular 

4. If 







=

43
21

)(Sm  and 







=

125
63

)(STm  then )(Tm  

is 

 (a) 






−
23
01

  (b) 






 −
32
10

 

 (c) 






−
32
01

  (d) 






−
43
01

 

5. If )(VAT ∈  is nilpotent, then 6 is called the index 

of nilpotence of T  if 

 (a) 06 =T  but 05 ≠T  (b) 05 =T , 06 ≠T  

 (c) 06 =T  but 07 ≠T  (d) 06 =T  
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6. Which one of the following is not a Jordan block 

 (a) 
















200
120
012

  (b) 
















210
020
012

 

 (c)  
















300
130
013

  (d) 
















100
110
011

 

7. If F  is a field of characteristic 2 teritte matrix 

















100
110
001

 has trace 

 (a) 1   (b) 0 

 (c) 3   (d) 4 

8. The secular equation of 







03
21

 is 

 (a) 62 +− xx   (b) xx −2  

 (c) 62 −− xx   (d) 72 −x  

9. Which one of the following is not true 

 (a) TT =×)*(   (b) **)*( STTS +=+  

 (c) *)*( SS πλ =  (d) **)*( TSST =  
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10. Which one of the following is not a characteristic 
root of an unitary transformation 

 (a) 1   (b) i  

 (c) 
2

1
2

1 +   (d) i+1  

PART B — (5 × 5 = 25 marks) 

Answer ALL questions, choosing either (a) or (b). 

Each answer should not exceed 250 words. 

11. (a) If V  finite-dimensional and Vv ∈≠ 0 , prove 
that there is an element Vf ∈  such that 

0)( ≠vf . 

Or 

 (b) If W  is a subspace of an inner product space 
(finite dimensional) V , define ⊥W  and show 
that WW =⊥⊥ )( . 

12. (a) If V  is finite dimensional over F , prove that 
)(VAT ∈  is regular if and only if T  maps V  

onto V . 

Or 

 (b) Let V  be vector space of all polynomials over 
F  of degree 3 or less and let D   
be its differentiation operator compute  
the matrix of D  in the basis (i) 32 ,,,1 xxx   

(ii) 32 1,1,1,1 xxx +++ .  

[P.T.O]
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13. (a) If )(VAT ∈  is nilpotent, prove that 
m

mTT ααα +++ ...10  where the iα F∈ , is 

invertible if 00 ≠α . 

Or 

 (b) Suppose that 21 VVV ⊕=  where 1V  and 2V  
are subspaces of 1V  invariant under T . Let 

1T  and 2T  be the linear transformations 
induced by T  on 1V  and 2V  respectively. If 
the minimal polynomial of iT  over F  is 

2,1),( =ixPi , prove that the minimal 
polynomial of T  over F  is the least common 
multiple of )(1 xp  and )(2 xp . 

14. (a) For nFBA ∈,  and F∈λ , prove that 
trAAtr λλ =)(  and )()( BAtrABtr = . 

Or 

 (b) Prove that )'det()det( AA = . 

15. (a) If ),(),( vvvTvT =  for all Vv ∈ , prove that T  
is unitary. 

Or 

 (b) Let N  be a normal transformation and 
suppose that λ  and μ  are two distinct 
characteristic roots of N . If wv,  are in V  
and are such that vvN λ= , wwN μ= , prove 
that 0),( =wv . 
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PART C — (5 × 8 = 40 marks) 

Answer ALL questions, choosing either (a) or (b). 

Each answer should not exceed 600 words. 

16. (a) If V  and W  are of dimensions m  and n , 
respectively, over F , prove that ),( WVHom  
is on dimension mn over F . 

Or 

 (b) State and prove Schwary inequality. 

17. (a) If V  is finite dimensional over F , prove that 
)(VAT ∈  is invertible if and only if the 

constant term of the minimal polynomial for 
T  is not 0. And hence show that if )(VAT ∈  

is invertible then 1−T  is a polynomial 
expression in T  over F . 

Or 

 (b) Let V  be he vector space of polynomials of 
degree 3 or less over F  and defined T  on V  
by =+++ Txxx )( 3

3
2

210 αααα  

   3
3

2
210 )1()1()1( ++++++ xxx αααα .   

  Compute the matrix of D  is the basis  
  (i) 32 ,,,1 xxx  (ii) 32 1,1,1,1 xxx +++  (iii) if  
  the matrix in (1) is A  and that in part (2) is  
  B , find a matrix C  so that 1−= CACB . 
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18. (a) If )(VAT ∈  has all its characteristic roots in 
F , prove that there is a basis of V  in which 
the matrix of T  is triangular. 

Or 

 (b) Prove that two nilpotent linear 
transformations are similar if and only if 
they have the same invariants. 

19. (a) For all nFBA ∈, , show that (i) AA =)''(   

(ii) '')'( BABA +=+  and (iii) '')'( ABAB = . 

Or 

 (b) For nfBA ∈, , prove that 

)(det)(det)det( BAAB = . 

20. (a) Prove that the linear transformation T  on V  
is unitary if and only if it takes an 
orthonormal basis of V  into an orthonormal 
basis of V . 

Or 

 (b) If )(VAT ∈ , prove that (i) )(* VAT ∈  (ii) 
TT =*)*(  and **)*( TSTS +=+ . 

—————— 


